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Abstract. Based on Landau-Devonshire (LD)-type phenomenological thermodynamic theory, the elec-
tric field dependence of the dielectric properties of tetragonal single-domain barium strontium
titanate(Ba1−xSrxTiO3) films on cubic substrates is theoretically investigated by taking into account the
high order terms of the polarization. At room temperature, the nonlinear dielectric responses of epitaxial
Ba0.6Sr0.4TiO3 films are provided by adjusting the film thickness and growth temperature. The strong
nonlinearity of relative dielectric constant and pyroelectric coefficient are attained around critical film
thickness on MgO (69 nm) and LaAlO3 (132 nm) substrates or critical growth temperature on MgO
(337 ◦C) substrate with respect to epitaxy-induced lattice misfit and thermal stresses during deposition.
This can be explained that small compressive stresses are effective to support high nonlinearity of di-
electric constant and pyroelectric coefficient for Ba0.6Sr0.4TiO3 films irrespective of whether they are on
compressive substrate or tensile substrate. It is also predicted that a large tunability may be achieved by
altering processing conditions, such as the film thickness and growth temperature for different substrates.
Our theoretical results are in good agreement with the experimental data reported in literature.

PACS. 77.80.-e Ferroelectricity and antiferroelectricity – 77.80.Bh Phase transitions and Curie point –
77.55.+f Dielectric thin films

1 Introduction

Barium strontium titanate Ba1−xSrxTiO3(BST) films are
very attractive dielectric materials because of their un-
conventional structure and dielectric properties with dif-
ferent composition distribution [1]. In recent years, they
have been extensively studied for potential applications of
high-density dynamic random access memories (DRAM),
electrically tunable microwave devices and pyroelectric de-
tectors. In these devices, large dielectric constant, low di-
electric loss and large electric field dependent dielectric
properties are required [2,3]. However, nonlinear dielectric
response of epitaxial BST thin films is markedly inferior
to their bulk sample, which may be attributed to compo-
sitional and microstructural inhomogeneities and internal
stress [4,5].

Internal stress, as one of the most important factors to
determine the quality of epitaxial ferroelectric films ma-
terials, originates from mismatch of the lattice parame-
ters and the difference of thermal expansion coefficients
(TECs) between substrate and films. The compressive
stress appears when substrate lattice parameter is smaller
than that of thin films, which means negative signal to
strain um. On the contrary, the tensile stress occurs and
the strain um is a positive quantity. With the variation
of internal stress, the epitaxial single-domain BST thin
films will exhibit different electric and electromechanical
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properties. The effect of internal stress on the ferroelec-
tric properties has been profoundly investigated in many
theories and experiments. A phenomenological thermo-
dynamic theory provides a more complete description of
the intrinsic single domain properties of ferroelectric ma-
terials by taking into account actual mechanical bound-
ary conditions. It is theoretically shown that the stress
has an important impact on the phase stability and var-
ious ferroelectric properties [6]. Pertsev et al. [7] stud-
ied that 2D clamping of epitaxial single-domain BaTiO3

and PbTiO3 films results in a change in their phase or-
der and gave the “misfit strain-temperature” phase dia-
gram. As a result, five low-temperature phases appear in
films comparing with three phases in bulk sample. The
“misfit strain-temperature” phase diagrams developed for
Pb(Zr1−xTix)O3 films of different compositions were also
presented by Pertsev et al. [8] including the influence of
two-dimensional straining and clamping on a “monoclinic
gap”. Emelyanov et al. [9] developed the “misfit strain-
stress” phase diagrams and considered the effect of exter-
nal stress on dielectric constant and piezoelectric constant.
Experimentally, Taylor et al. [10] pointed that Curie-Weiss
temperature decreased with the increase of tensile thermal
strain by concerning five different host substrates. Yano
et al. [11] reported that the dielectric constant ε reaches
maximal value at a small stress. Consequently, the strain
mechanism is feasible to account for the correlation be-
tween the structure and dielectric properties.
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The total strain of BST films may be relaxed either by
domain formation or by further misfit dislocation gener-
ation [12]. The latter is related to films thickness at the
growth temperature, which means size dependent prop-
erties must be considered. Therefore, adjusting the films
thickness and selecting appropriate growth temperature
are helpful to improve dielectric properties of BST films.
With films thickness ranging from 18 nm to 215 nm, the
dielectric constant of off-axis sputtered BST films capac-
itor was far smaller than that of on-axis films because of
higher level of in-plane compressive stress at growth tem-
perature 410 ◦C [13]. Yano et al. [11] showed that the
in-plane compressive stress decreased with increasing film
thickness in epitaxial BaTiO3 films on Pt/MgO substrate,
which resulted in an increase in the ε. The effect of thick-
ness and growth temperature on the temperature depen-
dence of dielectric constant and pyroelectric response of
epitaxial films has also been theoretically calculated on
various substrates [14,15]. It is shown that the epitaxy-
induced negative misfit strain and compressive thermal
stress induced c phase, which has the polarization vector
parallel to [001], in BST films.

A large tunability accompanied by a small dielectric
loss is desired to design tunable device. High nonlin-
ear response of dielectric properties is useful to improve
the tunability of ferroelectric films. In present paper, our
goal is to attain the nonlinear dielectric response of the
tetragonal single-domain Ba0.6Sr0.4TiO3 films on MgO
and LaAlO3 substrates by considering different film thick-
nesses and growth temperatures. The reason for consid-
ering Ba0.6Sr0.4TiO3 films is that its Curie temperature
(Tc = 5 ◦C) is close to room temperature, which may ex-
pect a large dielectric constant. Modified thermodynamic
theory is used to describe the impact of electric field on the
tunability of Ba0.6Sr0.4TiO3 films. Our theoretical calcula-
tion is consistent with experimental results for BST films.

2 Field dependence of dielectric constant

We consider the case of a thin single-domain
Ba1−xSrxTiO3 films oriented along [001] with tetrago-
nal [P4mm] phase growth on [001] cubic substrate under
short-circuit electric boundary condition. The growth
temperature TG is higher than the phase transformation
temperature TC and the film thickness is much smaller
than the substrate thickness. For such a configuration,
the modified Landau-Devonshire(LD)-type potential can
be expressed as [16,17]:

F = a1P
2 + a11P

4 + a111P
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+
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P b
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where P b
0 is the spontaneous polarization of the bulk BST;

Q12 is the electrostrictive coefficient; P is the polarization

of films and E is external electric field alone polarization;
U0

m = (bs − af )/bs is misfit strain without considering
electric field, where bs is substrate lattice parameter, af

is the equivalent cubic cell constant of the free-standing
films; SP = (S11 +S12)−C′ [17], where Sij are the elastic
compliances, C′ is a constant which is determined by the
piezomodulus and dielectric susceptibility of unstressed
films; a1 is the dielectric stiffness and is in accordance
with Curie-Weiss law, i.e., a1 = T−T0

2ε0C , T0 and C are the
Curie-Weiss temperature and constant of a bulk ferroelec-
tric, respectively, and ε0 is the permittivity of free space;
a11, a111 are higher order stiffness coefficients at con-
stant stress. By averaging the corresponding parameters
of BaTiO3 and SrTiO3, the parameters of Ba0.6Sr0.4TiO3

films in calculation are given in Table 1 [7,14,18]. The po-
tential in equation (1) can be renormalized by modifying
the coefficients:
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The modified coefficients are given by:
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According to equation (3), the expression for spontaneous
polarization P f

0 of constrained films can be derived from
the potential function using the stability criterion of the
first derivative (dF/dP ) |E=0 = 0:
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Then the polarization with zero electric field can be ob-
tained:
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The field induced polarization is defined as

p = P − P f
0 . (9)

In order to consider nonlinear response, substituting
equation (9) into equation (7) and taking into account the
third-order terms of p, equation (7) can be simplified as:
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Table 1. The parameters of Ba0.6Sr0.4TiO3 films used to cal-
culate modified coefficients. (Tc: Curie temperature, C: Curie
constant, aij and aijk: stiffness coefficients, Sij : elastic com-
pliances, Qij : electrostrictive coefficient. The temperature
T in ◦C).

parameter Ba0.6Sr0.4TiO3

Tc(
◦C) 5

C(◦C) 1.22 × 105

a11(m
5/C2F) (2.16T + 462) × 106

a111(m
9/C4F) 6.6 × 109

S11(m
2/N) 5.12 × 10−12

S12(m
2/N) −1.65 × 10−12

Q12(m
4/C2) −0.034

So, the electric field dependence of susceptibility is pre-
sented as

χf (E) =
1
ε0

dp

dE
=

3α3

[
− 2α2

2 + 6α1α3 + (2λ2
2)1/3

]
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,

(14)
where
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λ2 = −2α3
2 + 9α1α2α3 + 27α2

3E + λ1, (16)
and ε0 is the dielectric susceptibility of vacuum.

Then, the relative dielectric constant ε is derived from:

1
ε

=
1

1 + χf (E)
. (17)

In epitaxial BST films, the film thickness h has a great ef-
fect on the internal strains due to the relaxation of lattice
misfit-induced stresses by the formation of misfit disloca-
tions. At growth temperature TG, the equilibrium linear
misfit dislocation density ρ is written as [12,19]

ρ =
um(TG)
af (TG)

(
1 − hc

h

)
, (18)

where um(TG) and af (TG) are the effective misfit strain
and film lattice parameter at growth temperature TG; hc

means the critical thickness below which the generation of
misfit dislocation is not feasible. Assuming no additional
dislocations form during cooling down, the “effective” sub-
strate lattice parameter b∗s can be defined by

b∗s(T ) =
bs(T )

ρbs(T ) + 1
, (19)

where bs(T ) is substrate lattice parameter at tempera-
ture T . Therefore, the misfit strain of the films U0

m at any
temperature may be calculated according to above equa-
tion instead of actual lattice parameter bs if the substrate
lattice parameter is given as a function of temperature.

U0
m(T ) =

b∗s(T ) − af (T )
b∗s(T )

. (20)

Fig. 1. At zero electric field, the thickness dependence of rel-
ative dielectric constant and misfit strain for different sub-
strates.

Table 2. Lattice parameters of Ba0.6Sr0.4TiO3 films and sub-
strates at RT and their respective TECs.

Lattice parameters(nm) TEC(◦C)

Ba0.6Sr0.4TiO3 0.3960 10.5 × 10−6

MgO 0.4211 13.47 × 10−6

LaAlO3 0.3787 10.0 × 10−6

To study the nonlinear response of dielectric constant for
Ba0.6Sr0.4TiO3 films with the variation of film thickness
at room temperature(RT) T = 25 ◦C, we chose MgO and
LaAlO3 substrates. Compared with Ba0.6Sr0.4TiO3 films
lattice parameter, MgO is tensile substrate and LaAlO3

is compressive substrate. The lattice parameters at RT
and thermal expansion coefficients(TECs) are listed in
Table 2 [14,20]. In calculation, we take TG = 800 ◦C. Ac-
cordingly, the um(TG), hc are calculated to be 6.195%,
1.5 nm for MgO substrate and −4.57%, 2.6 nm for
LaAlO3 substrate, respectively [21]. The lattice param-
eter of Ba0.6Sr0.4TiO3 films is 0.3964 nm at growth tem-
perature TG [22]. The uncertainty in elastic compliance
is less important in determining the nonlinear response
compared to the effect of misfit [16]. For comparison with
experimental data, we estimate that SP is 2.5 × 10−12

m2N−1.
At zero electric field, the film thickness dependence

of relative dielectric constant and misfit strain is plot-
ted in Figure 1 for different substrates. With the in-
crease of Ba0.6Sr0.4TiO3 films thickness, the misfit strain
may be relaxed completely because of the configuration
of misfit dislocation, which is not only for tensile sub-
strate but also for compressive substrate. Significantly,
the misfit strain may vary from tensile strain to compres-
sive strain on MgO substrate. According to the phase di-
agram [14], the compressive strain is beneficial to stable
tetragonal phase. At room temperature(RT), the phase
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Fig. 2. The relative dielectric constant nonlinear response of Ba0.6Sr0.4TiO3 epitaxial films (a) on MgO substrate, (b) on
LaAlO3 substrate.

transformation of Ba0.6Sr0.4TiO3 films takes place from
paraelectric phase to tetragonal phase when the misfit
stress U0

m(RT ) = −0.094%. Taking into account the for-
mation of misfit dislocation in thin films, this value of mis-
fit stress corresponds to different film thickness when films
grow on different substrates. Using equations (18–20), we
obtain that the critical film thickness of Ba0.6Sr0.4TiO3

films with misfit stress −0.094% is 69 nm on MgO sub-
strate and 132 nm on LaAlO3 substrate, respectively.
Comparing relationship between misfit stress and film
thickness, showed in Figure 1, with phase diagram [14],
we find that the ferroelectric tetragonal phase is stable
when the film thickness of Ba0.6Sr0.4TiO3 is greater than
69 nm on MgO substrate, and smaller than 132 nm on
LaAlO3 substrate. Vice versa, the paraelectric phase fa-
vors. This kind of behavior is quite similar to film size
effect, i.e., size driving phase transformation. In our fol-
lowing discussion, we select a suitable thickness to make
Ba0.6Sr0.4TiO3 films to be in tetragonal phase both on
MgO and LaAlO3 substrates. Figure 1 also shows the be-
havior of dielectric constant of Ba0.6Sr0.4TiO3 ferroelec-
tric films on different substrates with film thickness. The
dielectric constants disperse at the film thickness being
67 nm on MgO substrate and 132 nm on LaAlO3 sub-
strate. It is meaningful that the dielectric constant reaches
maximal value at small compressive stress both tensile and
compressive substrates, and decreases when compressive
stress increases, which is accordance with experimental
results [11,13].

In order to understand the nonlinear response of di-
electric constant, according to equation (12), the relative
dielectric constant ε as a function of external electric field
is exhibited in Figure 2. Figure 2a represents the case of
Ba0.6Sr0.4TiO3 films deposited on MgO substrate. As can
be seen, the dielectric constant shows almost linear rela-
tionship with external electric field for thicker films, such
as 400 nm. With the decrease of film thickness, the non-
linear response of dielectric constant is improved within
a certain range of electric field. It’s remarkable that the

strong nonlinearity of electric field dependence of dielec-
tric constant may be observed around critical film thick-
ness 69 nm, for example 100 nm. According to Figure 1,
the phenomenon can be explained that small compressive
strain supports the formation of dramatic nonlinearity.
The Ba0.6Sr0.4TiO3 films deposited on LaAlO3 substrate
is presented in Figure 2b. The less electric field dependence
of dielectric constant is shown when Ba0.6Sr0.4TiO3 film
thickness is far away from critical thickness 132 nm. With
the increase of film thickness, the nonlinear response of di-
electric constant is intensified and the strong nonlinear re-
sponse appears near critical thickness 132 nm, for example
120 nm. Consequently, the high nonlinearity of dielectric
constant may be obtained under small compressive strains
for Ba0.6Sr0.4TiO3 films irrespective of whether they are
under compressive substrate or tensile substrate. The non-
linear response is lowered with the increase in the magni-
tude of misfit strain. In practice, for nonlinear response of
dielectric constant, it is important to consider the critical
film thickness for different substrates. Obviously, nonlin-
ear dielectric response is strongly film thickness depen-
dent. We noticed that some previous works [23–25] have
already take the thickness dependence of dielectric con-
stant into account. A variety of mechanisms being invoked
to explain this behavior are summarized in reference [25].
In our present model, the effect of film thickness on dielec-
tric response is considered by forming misfit dislocation
in thin films, and can be classified as one of the intrinsic
mechanism.

Figure 3 predicts the tunability of Ba0.6Sr0.4TiO3

films on MgO and LaAlO3 substrates as a func-
tion of film thickness with an applied electric field
E = 40 kV/cm. In tetragonal phase, the tunability is cal-
culated by [ε(0) − ε(E)]/ε(0) × 100%. It is clearly seen
that the maximum in tunability reaches 83.7% and 84.3%
at critical film thickness 69 nm and 132 nm on MgO and
LaAlO3 substrates, respectively. According to Figure 1,
the maximum is ascribed to a phase transformation
from tetragonal phase to paraelectric phase. With the
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Fig. 3. The tunability of Ba0.6Sr0.4TiO3 films on MgO and
LaAlO3 substrates as a function of film thickness with an ap-
plied electric field E = 40 kV/cm.

increase of film thickness, the tunability slowly decreases
to 35% on MgO substrate. However, the tunability in-
creases monotonously on LaAlO3 substrate. These mean
that the small compressive stress is helpful to develop high
tunability in tetragonal phase.

To provide the effect of the thermal stresses, which
result from the difference in TECs between the films
and the underlying substrates, on nonlinear response of
Ba0.6Sr0.4TiO3 films, we assume the grain size D is equal
to or smaller than the film thickness h so that internal
stresses are relatively small and can be neglected. As the
films are cooled from growth temperature TG, the ther-
mal stresses dominate. We take Uthermal as a function of
temperature [10,26]:

Uthermal =
∫ TG

T

(αfilm − αsubstrate)dt (21)

where αfilm and αsubstrate are the TECs of the films and
substrates, respectively. In calculation, U0

m is substituted
by Uthermal. From Table 2, we find that the difference
of TECs between Ba0.6Sr0.4TiO3 films and LaAlO3 sub-
strate is so small that the effect of the thermal stresses
on LaAlO3 substrate can be neglected. In other words,
the epitaxial Ba0.6Sr0.4TiO3 films on LaAlO3 substrate is
only in cubic paraelectric phase if growth temperature is
below 2000 ◦C. Therefore, we only consider the effect of
the thermal stresses on MgO substrate in this paper.

On MgO substrate, the influence of growth temper-
ature TG on the dielectric constant and misfit strain
is shown in Figure 4 with zero external electric field.
The misfit strain is always compressive thermal strain in
the range of considering growth temperature. It means
that Ba0.6Sr0.4TiO3 films are always in the paraelec-
tric phase or the tetragonal ferroelectric phase basing on

Fig. 4. On MgO substrate, the influence of growth tempera-
ture TG on relative dielectric constant and misfit strain with
zero external electric field.

Fig. 5. The external electric field dependence of the relative
dielectric constant ε for different growth temperatures on MgO
substrate.

“temperature-misfit strain” phase diagram [14]. To en-
sure the epitaxial Ba0.6Sr0.4TiO3 films exist in tetragonal
ferroelectric phase, the growth temperature must exceed
337 ◦C. With the enhancement of the growth temperature,
the magnitude of compressive strain linearly increases re-
sulting in the decrease of relative dielectric constant.

Figure 5 exhibits the external electric field depen-
dence of the relative dielectric constant ε for different
growth temperatures on MgO substrate. With lowering
the growth temperature, the relative dielectric constant
increases and the dielectric nonlinearity improves. The
strong dielectric nonlinearity is seen at growth temper-
ature 350 ◦C that is in the vicinity of critical growth
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Fig. 6. The external electric field dependence of pyroelectric coefficient (a) on MgO substrate (b) on LaAlO3 substrate with
various film thicknesses.

temperature 337 ◦C. We believe that the dielectric con-
stant tunability can greatly increase at a relatively low
growth temperature (TG > 337 ◦C) when epitaxial
Ba0.6Sr0.4TiO3 films are deposited on MgO substrate.

3 Field dependence of pyroelectric coefficient

The pyroelectric coefficient ppyro of BST films along
[001]-direction in tetragonal phase is given as the sum of
the derivation of the spontaneous polarization P f

0 and the
field induced polarization p with the temperature:

ppyro = −∂P

∂T
= −∂P f

0

∂T
− ∂p

∂T
. (22)

According to equation (18–22), we can obtain the effect
of film thickness and growth temperature on nonlinear
response of pyroelectric coefficient.

To study the pyroelectric response of different sub-
strates with the change of Ba0.6Sr0.4TiO3 film thickness,
we consider the growth temperature TG is 800 ◦C. On
MgO substrate, the external electric field dependence of
pyroelectric coefficient is displayed in Figure 6a with var-
ious film thicknesses. The pyroelectric coefficient is ap-
proximal to 0.00184C/m2.◦C-0.0019C/m2.◦C for thicker
films (h ≥ 300 nm) at zero electric field, which are in good
agreement with experimental data of 0.0018C/m2.◦C [27].
The pyroelectric response linearly decreases with the in-
crease of external electric field when films are thicker than
300 nm. The pyroelectric nonlinearity appears for thinner
films, and strong nonlinearity can be seen close to criti-
cal film thickness because of structural transformation. We
can obtain the maximum of pyroelectric coefficient around
critical thickness without external electric field. However,
for thicker films, the pyroelectric coefficient values exceed
that of thinner films when applied field increases suc-
cessively. Figure 6b shows the pyroelectric response on

Fig. 7. The pyroelectric coefficient as a function of external
electric field with various growth temperatures on MgO sub-
strate.

LaAlO3 substrate with different film thicknesses. The im-
pact of film thickness on pyroelectric nonlinearity is op-
posite to that of Ba0.6Sr0.4TiO3 films deposited on MgO
substrate. If the film thickness is much smaller than crit-
ical film thickness, the pyroelectric coefficient is almost
invariable with the increase of external electric field.

At RT, the pyroelectric coefficient as a function of ex-
ternal electric field is presented in Figure 7 with various
growth temperatures on MgO substrate. It is clear that
the pyroelectric nonlinear response of Ba0.6Sr0.4TiO3 films
improves with the decrease of growth temperature, and
obvious pyroelectric nonlinearity is observed around crit-
ical growth temperature because the small compressive
stresses induce ferroelectric-paraelectric phase transition.
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4 Conclusions

In summary, a theoretical formalism has been used to in-
vestigate the combined effect of film thickness and growth
temperature on nonlinear response of electric field de-
pendence of dielectric and pyroelectric properties for the
tetragonal single-domain Ba0.6Sr0.4TiO3 epitaxial films
with different growth substrates. Quantative calculations
show that both lattice misfit and thermal stresses have im-
portant influence on the dielectric constant and pyroelec-
tric nonlinear response. When film thickness is far away
from critical film thickness, the dielectric constant and
pyroelectric coefficient of Ba0.6Sr0.4TiO3 epitaxial films
almost have a linear relationship with the electric field.
However, the dramatic nonlinear response can be observed
near critical film thickness, such as 100 nm for MgO sub-
strate and 120 nm for LaAlO3 substrate. It can be ex-
plained that small compressive stresses are effective to
high nonlinearity of dielectric constant and pyroelectric
coefficient irrespective of compressive substrate or tensile
substrate. In addition, the critical growth temperature
can greatly improve the nonlinearity of dielectric con-
stant and pyroelectric coefficient of Ba0.6Sr0.4TiO3 epitax-
ial films because of the small thermal compressive stresses.
A large tunability is also predicted at critical film thick-
ness in present paper. It can be actually practical to ob-
tain high dielectric and pyroelectric tunability of epitaxial
Ba0.6Sr0.4TiO3 films by adjusting the film thickness and
the deposition temperature.
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Jiangsu provincial Natural Science Foundation under the
Grant No.BK2003032, and Jiangsu Key Laboratory of Film
Materials of China.
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